The mechanism of high-temperature superconductivity ͑HTS͒ and the correlation between the antiferromagnetic long-range order ͑AFLRO͒ and superconductivity ͑SC͒ are the central issues of the study of HTS theory. SC and AFLRO of the hole-doped two-dimensional extended t-J model are studied by the variational Monte Carlo method. The results show that SC is greatly enhanced by the long-range hopping terms tЈ and tЉ for the optimal and overdoped cases. The phase of coexisting SC and AFM in the t-J model disappears when tЈ and tЉ are included. It is concluded that the extended t-J model provides a more accurate description for HTS than the traditional t-J model does. The momentum distribution function n(k) and the shape of Fermi surface play critical roles for establishing the phase diagram of HTS materials.
I. INTRODUCTION
The two-dimensional ͑2D͒ t-J model was proposed to provide the mechanism of superconductivity ͑SC͒ 1,2 right after the discovery of high-temperature superconductivity ͑HTS͒. This idea quickly gained momentum when variational calculations showed that the doping dependence of pairing correlation 3, 4 and the phase diagram of the antiferranagnetic long-range order ͑AFLRO͒ and SC seem to agree with experimental results fairly well. 5 However, the calculation beyond variational method showed that SC of the pure 2D t-J model was not large enough to explain such high transition temperature of the cuprates. 6 Up to now, this issue has still not been settled. [7] [8] [9] Interplay between the d-wave SC and AFLRO is another one of the critical issues in the physics of HTS. 10, 11 Early experimental results showed the existence of AFLRO at temperature lower than the Néel temperature T N in the insulating perovskite parent compounds of the cuprates. When charge carriers are doped, AFLRO is destroyed quickly and then SC appears. In most thermodynamic measurements for hole doped cuprates, AFLRO does not coexist with SC 12 and disappears completely around doping density ␦ h ϳ5%. However, recent experiments such as muon spin rotation and elastic neutron scattering show that the spin density wave ͑SDW͒ may compete, or coexist with SC. [13] [14] [15] [16] [17] [18] These results suggest that AFLRO may coexist with SC, but the possibility of inhomogeneous phases is not completely ruled out.
For the theoretical part of this issue, analytical and numerical studies of the t-J model show that at half-filling, the d-wave resonating valence bond ͑RVB͒ state with AFLRO is a good trial wave function ͑TWF͒ and that SC is absent due to the constraint of no double occupancy. Upon doping, the carriers become mobile and SC sets in while AFLRO is quickly suppressed. However, AFLRO will survive until the hole density ␦ h Ͼ10%, which is much larger than the critical density observed by experiments. SC and AFLRO coexist in the very underdoped regime. 5, [19] [20] [21] [22] The discrepancies imply that the t-J model may be insufficient to describe the physics of HTS. On the other hand, there are several experimental and theoretical studies suggesting the presence of the next-and third-nearest-neighbor hopping terms tЈ and tЉ in cuprates. For example, the topology of the large Fermi surface ͑FS͒ and the single-hole dispersion studied by angle-resolved photoemission spectroscopy ͑ARPES͒, and the asymmetry of phase diagrams of the electron-and hole-doped cuprates can be understood by introducing these terms. 23 It is suggested that the longer range hopping terms may play important roles on the mechanism of HTS. Results of band-structure calculations 24, 25 and experimental analysis 26 show that T c is enhanced by the next-nearest neighbor hopping tЈ/t, and the highest T c,max for different monolayer hole doped cuprates strongly correlates with tЈ/t. However, this contradicts with previous results 27, 28 of exact calculations that for the hole doped systems, introducing tЈ into the t-J model will suppress pairing.
We will discuss the model and the trial wave function in Sec. 2, and the variational Monte Carlo ͑VMC͒ method re-sults for SC, AFLRO, and the shape of the Fermi surface in Sec. 3. At last we will make a summary in Sec. 4.
II. THE MODEL AND THE WAVE FUNCTIONS
The Hamiltonian of the extended t-J model is 
͉0͘,

͑2͒
where N s is the total number of sites and
Here ⌬ k ϭ 3 4 J⌬(cos k x Ϫcos k y ). The energy dispersions for the two SDW bands are
are the operators of the lower and upper SDW bands, respectively, For the half-filled case, ϭtЈϭtЉϭ0 and the optimal variational energy of this trial wave function ͑TWF͒ obtained by tuning ⌬ and m s in the VMC simulation is Ϫ0.332 J per bond, which is within 1% of the best estimate of the groundstate energy of the Heisenberg model. 30 For the case of pure AFLRO without ⌬, the energy per bond is about 3 to 4% higher.
Upon doping, there are two methods of modifying the TWF: one is to use a nonzero to control the filling of the SDW bands, 29 the other is to create charge excitations from the half-filled ground states. 31 For the former method, the TWF is optimized by tuning ⌬, m s , t v Ј , t v Љ , and . Note that for larger doping densities, AFLRO disappears (m s ϭ0) and the wave function reduces to the standard d-RVB wave function. For the latter method, the wave function is the ''small Fermi pocket'' state ͉⌿ p ͘:
͉0͘.
͑3͒
The k-points in Q p are the momenta of the electron singlet pairs ͑with momenta and spin (k↑,Ϫk↓) removed from the half-filled FS. Thus the number of holes is twice of the number of k-points in Q p , , t v Ј and t v Љ are identical to zero in Eq. ͑2͒ because the size and shape of FS are determined by the choice of Q p . Note that no matter what k's are chosen in Q p , the total momentum of the wave function is zero. The k's can be viewed as ''hidden quantum numbers'' of the wave function. In general, for the ground state the set Q p should be determined variationally. As we expected, it agrees well with the rigid band picture for very underdoped systems. 31 For example, there is only one point in the two-hole system.
The variational energies for several choices of k in a 12ϫ12 lattice are shown in Fig. 1 . It can be seen that for both the (tЈ,tЉ)ϭ(Ϫ0.1,0.05)t ͑full circles͒ and (tЈ,tЉ) ϭ(Ϫ0.3,0.2)t ͑open circles͒ cases, the k with lowest energy is ͑/2,/2͒. The k's with the second-lowest energy are ͑2/ 3,/3͒ and ͑/2,/3͒ for (tЈ,tЉ)ϭ(Ϫ0.1,0.05)t and (tЈ,tЉ) ϭ(Ϫ0.3,0.2)t, respectively.
According to the rigid-band assumption, we expect that the best choice of Q p for the 4-hole system is ͕(/2,/2), Figure 2 shows the choices of Q p 's for several doping densities ͑0-10 holes͒ for the (tЈ,tЉ)ϭ(Ϫ0.3,0.2)t case. The validity of the rigid-band picture has been checked by comparing several Q p 's for the same number of holes for these very underdoped cases.
Another issue is that the choice of Q p may change the total symmetry of the wave function. For example, Fig. 2e shows that Q p for 8 holes is ͕͑/2,/2͒,͑Ϫ/2,/2͒,͑/2,3͒,͑Ϫ/2,Ϫ/3͖͒.
We can also choose
The variational energies of these two wave functions, long-range pair-pair correlation, and staggered magetization are almost identical ͑within error bars͒. Since kϭ(Ϯ/2, Ϯ/3) and (Ϯ/3,Ϯ/2) are all degenerate for the twohole system, the wave function could also be degenerate for those Q p 's with k-points (Ϯ/2,Ϯ/2) and any two of k ϭ(Ϯ/2,Ϯ/3) and (Ϯ/3,Ϯ/2) for the 8-hole system. This conjecture has been verified numerically. Thus the best TWF should be a linear combination of all these wave functions. For simplicity, we choose only one of the Q p in the following calculation. The properties of SC and AFLRO are not affected by this simplification.
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III. RESULTS AND DISCUSSION
The staggered magnetization ͗M ͘ϭ
͑4͒
the momentum distribution function
and the d-wave pair-pair correlation
where
are measured for J/tϭ0.3 and ͑a͒ tЈϭtЉϭ0, ͑b͒ (tЈ,tЉ) ϭ(Ϫ0.3,0.2)t and ͑c͒ (tЈ,tЉ)ϭ(Ϫ0.1,0.05)t cases for the 12ϫ12 lattice with periodic boundary condition. P d ave is the averaged value of the long-range part (͉R͉Ͼ2) of P d (R). The optimal wave function for different densities are determined by minimizing the variational energies among
We will discuss the results for these three cases in this section.
A. tЈÄtЉÄ0
It can be seen in Fig. 3a that in the underdoped region for the J/tϭ0.3, tЈϭtЉϭ0 case, AFLRO coexists with SC for density smaller than ␦ c ϳ10%. The ␦ c is smaller than the weak-coupling mean-field result ϳ15%, 21 but is still larger than the phase boundary of AFLRO determined by experiments (␦ c Ͻ5%). The energies of ͉⌿ LS ͘ are lower than those of ͉⌿ P ͘ for all doping densities in this case. This result is also consistent with the results reported by Himeda and Ogata. 22 Comparison of the VMC result with that of the weak-coupling one seems to indicate that the rigorous nodouble-occupancy constraint suppresses the AFLRO faster than the constraint-relaxed mean-field approximation.
P d ave shows a dome-like shape which agrees well with the experiments except in the slightly doped AFLRO region. It is well known that the variational method usually overestimates the order parameters. Our previous studies using calculations beyond VMC show that P d ave will be suppressed greatly when the wave function is projected to the true ͗⌿ LS ͉⌿ P ͘/(͉⌿ LS ͉͉⌿ P ͉) is only 0.0113͑4͒. 33 The nearorthogonality of the two wave functions implies that the ground-state wave functions switch at the critical density.
The result that the critical ␦ h for negative tЈ/t is smaller than that of the tЈϭ0 case is consistent with the results evaluated by exact diagonalization, 35, 36 and the suppression of coexistence of AFLRO and SC is consistent with the slave-boson mean-field theory. 37 For a little larger doping density 0.06Ͻ␦ h Ͻ0.15, it can be seen that P d ave starts to grow but is still smaller than that in the tЈϭtЉϭ0 case. The suppression of P d ave by tЈ and tЉ in the underdoped regime is consistent with the results 27, 28 obtained the density matrix renormalization group ͑DMRG͒ method. Interestingly, for even larger ␦ h , P d ave grows greatly and reaches the maximum at ␦ h ϳ30%, and the SC region extends to ␦ h ϳ0.4. The maximal P d ave is larger than the tЈ ϭtЉϭ0 value at the same density by almost one order of magnitude, and about 2.5 times larger than the maximum of the optimal value of the tЈϭtЉϭ0 case. The enhancement of P d ave may come from the deformation of the Fermi surface. The electron occupation at the k-points near ͑,0͒ is increased by a negative tЈ. The results from exact diagonalization and slave-boson mean-field theory also show similar behavior. 34 The great enhancement of pairing due to tЈ may provide a possible mechanism for HTS. But the doping density ␦ max with maximal P d ave is too large (ϳ30%) in comparison with experiments ͑15%͒. This discrepancy may disappear for the real ground state of the extended t-J model. From our experience, if we do the calculation beyond VMC, the amplitude of P d ave will be suppressed and ␦ max will move to a smaller value. 6 If this trend is true for the t-J type models, we expect that ␦ max may move toward the more physical value. This conjecture will be investigated in the future.
C. tЈÕtÄÀ0.1 and tЉÕtÄ0.05
For the lanthanum materials with tЈ/tϭϪ0.1 and tЉ/t ϭ0.05, the behaviors are more complex. It can be seen from Since the phase transition comes from the level crossing of the two classes of states ͉⌿ P ͘ and ͉⌿ LS ͘, it is a first-order phase transition. It is quite natural to have inhomogeneity in the system near the critical point. 38 It may also lead to other more novel inhomogeneous states such as a stripe phase. 39 Another interesting result of our study is that the noncoexistence of SC and AFLRO is much more robust for systems with larger values of tЈ/t and tЉ/t, such as YBCO and BSCO. 25 For LSCO, where tЈ/t and tЉ/t are smaller, the tendency toward coexistence is larger and the possibility of an inhomogeneous phase will become much more likely. Figure 4 shows the FS of both under-and overdoped systems with the parameter sets we discussed above. There are three remarkable effects of tЈ and tЉ for the extended t-J model. First, the critical density where AFLRO vanishes is moved to more physical values. Second, the phase of coexisting AFLRO and SC is suppressed. If tЈ and tЉ are large enough ͑corresponding to the YBCO or BSCO materials͒, the coexisting phase will disappear. Third, P d ave is enhanced for the optimal and overdoped region, and suppressed for the underdoped region. This resolves the conflict between the DMRG and band structure calculation results. The enhancement of P d ave can be explained by the electron occupation near ͑,0͒ and FS. These results offer a possible mechanism for HTS. 
D. Shape of the Fermi surface
FIG. 5. Maximal P d
ave for different tЈ with tЉϭϪtЈ/2 for 8ϫ8 ͑unfilled circles͒ and 12ϫ12 ͑filled circles͒ lattices.
